In this paper we compute the decay rates of massless scalar waves excited by a star circularly orbiting around the non-extremal (general) and extremal BTZ black holes. These decay rates are compared with the corresponding quantities computed in the corresponding dual conformal field theories respectively. We find that matches are achieved in both cases.
Introduction
In the conjecture of AdS/CFT correspondence [1] , an issue frequently examined is how far one can go under this correspondence. Lots of evidences of this correspondence have been achieved by matching of corresponding quantities computed on two sides.
For example, decay rates of various propagating waves on a variety of spacetime backgrounds are compared to the decay rates computed in corresponding dual CFT's [2] [3] [4] [5] [6] . Quasi-normal modes of black hole spacetimes are matched to the poles of correlation functions of CFT [7] .
Recently, decay rates of excitations induced by orbiting star near the horizon of extremal-rotating black hole have been compared with the corresponding quantities computed in the boundary CFT [9, 10] . Since the near-horizon limit of rotating black holes are expected to be dual to some CFT's on the boundary, e.g., the Kerr/CFT correspondence, the matching of the decay rates computed on two sides is natural.
A general (non-extremal rotating) BTZ black hole [8] is expected to be dual to a CFT on the boundary controlled by two copies of Virasoro algebras: left and right movers. The matching of decay rates in Ref. [3] and the matching of quasinormal modes to poles in Ref. [7] , among many others, are successful examples of the BTZ/CFT correspondence. So an interesting question is whether some matching can be achieved for this BTZ/CFT correspondence if one adding to the system an orbiting source just like what is done in [9, 10] . Sect.2 will discuss this question.
Near horizon extremal BTZ black hole is expected to be dual to a chiral 2D CFT [12, 13] . So it is also interesting to ask, when an orbiting star is added to the black hole system, whether the matching of decay rates computed in the two sides can be achieved. This will be investigated in Sect.3.
For the BTZ spacetime, it is simple enough to give analytic results. On the other hand, it appears frequently as near horizon portion of other interesting spacetime, e.g., from various supergravity models. So explorations of BTZ/CFT correspondence from different viewpoints are very useful.
2 Non-extremal BTZ/Non-chiral CFT
Decay rate on black hole side
In this subsection, we will compute the decay rate of massless scalar wave excited by a star circularly orbiting around the BTZ black hole.
The BTZ black hole is a solution to the vacuum Einstein equations in 2+1 dimensions with a negative cosmological constant Λ = −1/ℓ 2 . In Schwarzschild-like coordinates, the BTZ metric is [8] 
with lapse and shift functions
where the r + and r − are the locations of the outer and inner horizons and related to the mass and the angular momentum of the black hole:
The Hawking temperature is
For convenience in the following, one can define the following coordinate, [7] 
Only the dynamics outside the event horizon, r > r + , will be considered in this paper, so we have 0 < z < 1. In this coordinate the metric becomes,
Now consider a star moving outside the black hole along a circular orbit with constant radial coordinate, z * = z 0 . Its conserved energy and angular momentum can be determined by two Killing vectors, ξ (t) = ∂ t and ξ (φ) = ∂ φ ,
where
is the four-velocity of the particle. From these two equations, one can solve out the locus of the orbiting particle
where x ± 0 are two constants and could be chosen to be vanishing for convenience. The energy and the angular momentum is constrained by the mass-shell condition [14] ,
where, without loss of generality, the star has been chosen to have unit mass. In the following, we will take the energy of the orbiting particle to be zero, E = 0. So
From which one can see that, to obtain real angular momentum, L, the orbiting particle must be close enough to the black hole outer horizon, i.e., z 0 should satisfy
which gives no constraint on z 0 for extremal black hole, r + = r − .
In the absence of the orbiting particle, a scalar field in the black hole background is described by the free action,
After adding the orbiting star, and let it be coupled to the scalar field with the following interaction,
So the orbiting star, as source, will excite the scalar mode which will propagate through the spacetime. The classical equation of motion of the scalar field reads
The integral of the source term on the right hand side could be performed explicitly,
So this source respects a Killing symmetry,
To conform to this Killing symmetry, one can make the following variable separating assumption for the scalar field,
where j ∈ Z, and we have defined k + = jr + , k − = jr − /z 0 . In above, through matching the phase, we have identified the the energy and angular momentum of the mode excited by the star as ω = j
. One notices that both ω and m depend on the position z 0 of the star.
Substituting into the equation of motion, one find the following differential equation
for the radial function,
. This is an non-homogeneous differential equation. For non-integer k + , the two linearly independent solutions of the homogeneous equation, λ = 0, are given by the hyper-geometric functions,
Their asymptotic behaviors near the horizon are
Using the constraint condition (13) on z 0 , one can show that R
j (z) is purely ingoing near the horizon and R (1) j (z) is purely outgoing. Near the boundary,
which shows that the two homogeneous solutions are not fall-off near the boundary.
To obtain a solution fall-off near the boundary, we can consider a linear combination of the two,
where the complex number c j = Γ(1 +
)/Γ(1 − ik + ). This 'far' solution has the fall-off behavior near the boundary, which is called Newmann boundary condition in [9] ,
Since we want to calculate the decay rate, so only solution which is purely ingoing near the horizon is desired. In all, the solution of the inhomogeneous equation (19) with proper asymptotic behaviors can be constructed as follows
j (z), c n and c f are two constants to be determined, θ(x) is the usual step function. Substituting into the equation of motion, the coefficients can be determined,
where W is z-independent Wronskian,
With the above solution, one can calculate the Klein-Gordon particle number flux
with the current
The flux of mode-j is then
Near the boundary, the flux vanishes, F j (z → 1) = 0. Near the horizon,
So the decay rate of the particle, with energy ω and angular momentum m, excited by the source is [2]
where Ω H is the angular velocity of the horizon, [11] 
Simple calculation shows that ω − mΩ H = j
An interesting fact to notice is that, the factor of the occupation number is independent of the position z 0 of the star, although the energy ω and angular momentum m of the excitation depend on z 0 separately. One can find that this is important for matching of decay rates in BTZ/CFT correspondence as shown in the following.
Decay rates on the CFT side
The pure BTZ black hole dynamics will correspond to a CFT defined on the boundary which is controlled by two copies of Virasoro algebras corresponding to left-and rightmover respectively. If the CFT is described by an action, S CFT , then when we add to the BTZ black hole a particle which is circulating the black hole, the action describing the CFT will be changed to,
where σ ± = t/ℓ ± φ, and t, φ are just the Schwarzschild coordinates of BTZ black hole space time. Since we consider only the coupling of the scalar field to the source (orbiting particle), so one expect the operator O is the CFT dual to the scalar field, and the source J is induced from the orbiting star.
To determine the source J, one should at first note that it should respect the Killing symmetry (17) which is respected by the orbiting particle. That is we must have the following mode expansion
In terms of σ ± ,
the source can then be written as,
is defined. The interaction action then reads
The vacuum-vacuum transition rate excited by the source is
The angle-bracket is two-point correlation function of operator O in the unperturbed CFT. The two point function of O and its Fourier transform can be found in references, e.g., [6] . For the scalar case, the result is
where the overall normalization constant C O is not determined merely by the conformal invariance, and the left-and right-temperatures are defined by [7] T
Now the transition rate reads
The next task is to determine the source J j which is related to the orbiting star in the bulk.
To do that, one extends the near horizon solution R j (z < z 0 ) to the whole spacetime
, and extract J j from its Dirichlet mode on the boundary (that is, the term fall-off as
With this source, the transition rate of mode-j can be written as
which equals precisely to the result computed in the gravity side (36) if the coefficient is chosen to be
3 Near-horizon-extremal BTZ/Chiral CFT
In this section, we will compute the decay rate of scalar wave in the extremal BTZ spacetime and compare it to that computed in the CFT. The correspondence is Nearhorizon-extremal BTZ/Chiral 2D-CFT (NHEBTZ/χCFT) [12, 13] . Before doing the computation, let us at first review some facts about this correspondence.
The metric of the extremal BTZ black hole can be obtained by setting r + = r − = r H in that of non-extremal one (1):
For the extremal BTZ black hole, its Hawking temperature is zero, T H = 0. Define null coordinates,û = t/ℓ − φ,v = t/ℓ + φ, and a new radial coordinate r 2 − r 2 H = ℓ 2ŷ2 . In terms of the these new coordinates, the metric reads
One should note that the original periodic condition of the angular variable φ will leads to the following periodic conditions of the null variables,
It is pointed out that it is the quantum gravity on the near horizon region of the extremal BTZ spacetime that will correspond to a (chiral) two-dimension CFT on the boundary [13] . The near horizon limit can be obtained by defininĝ
and letting ǫ → 0, and keeping u, v, y fixed. The important point is that on this nearhorizon portion of the extremal BTZ spacetime, the periodic conditions of the null variables, u, v, become chiral:
That is, only the u has finite period, and ∂ u will be matched to the left-translation on the (chiral) CFT and related to the finite left temperature,
which can be obtained apparently by letting r + = r − = r H in non-extremal case discussed in the previous section (44). ∂ v will be matched to the right-translation on the (chiral) CFT and related to the vanishing right temperature, T R = 0. So one can make the following identification
where σ ± = τ ±σ are coordinates of the CFT defined on a (chiral) strip with normalized identification, (σ
In terms of the near horizon coordinate (51), the black hole metric reads
which is an S 1 -fibration on AdS 2 . The fibre direction u, similar to the near-horizonextremal RN black hole/CFT correspondence [16] , is mapped to the left-direction σ + of the chiral CFT as stated in the previous paragraph. The near-horizon geometry (55) has isometry group,
where the factor SL(2, R) is generated by the following Killing vectors [12] ,
and the U(1) factor is generated by
As pointed out in [13] , in the NHEBTZ/χCFT correspondence, the SL(2, R) isometries are realized trivially on the boundary CFT: it is associated to the re-parametrization of the non-compact v on the boundary. The physical states do not carry global charges of SL(2, R), they only carry the u-momentum, Q 0 , which is the zero mode of a full Virasoro algebra. This 'chiral' correspondence 1 is very different from other Gravity/CFT correspondences, e.g., the usual AdS 3 /CFT 2 correspondence [17] and Kerr/CFT correspondence (see Ref. [18] and references therein); the asymptotic symmetry group (ASG) includes two Virasoro algebras. For example, in Kerr/CFT, the isometry group of the near horizon geometry is SL(2, R) × U(1), however, in the ASG, the zero-mode of the L Virasoro algebra corresponds to the U(1) isometry group [19] ; for the R Virasoro algebra, there is an SL(2, R) subgroup that can be identified as the isometry group [20] . (For the discussion of the symplectic symmetry algebra, which is different from the ASG, please refer to Ref. [21] .)
Decay rate on the gravity side
Just like the non-extremal black hole case discussed in the previous section, we will compute the decay rate of the scalar wave excited by an orbiting star at the near horizon region of the extremal BTZ spacetime. In the BTZ spacetime two Killing vectors ∂ t and ∂ φ become ξ (u) = ∂ u and ξ (v) = ∂ v in the near-horizon region (55), there are two corresponding conserved quantities,
where u * , v * are orbiting-coordinates of the star, the constant y 0 is the radial position of the star. The solution is given by
with τ the proper time. Two constants C u and C v are linear combination of the 'energy' E and 'angular momentum' L of the star, they are further constrained by the on-shell condition of the star (e.g., with unit mass without loss of generality), −1 = −ℓ 2 y 0u * v * + ℓ 2u2 * . Let the star be coupled to the massless scalar field, the corresponding action reads,
S EH is the Einstein-Hilbert action. The equation of motion for the scalar field is
2 One simple calculation shows that 
The asymptotic behavior near the horizon, y → 0,
which shows that R (2) j is purely ingoing near the horizon. Near the boundary of the near horizon region, y → ∞,
(γ E is the Euler constant,
. The above asymptotic behavior shows that R In order to describe ingoing particle flux of black hole, one can construct the proper solution of the (in-homogeneous) equation of motion as Ref. [9] ,
which is purely ingoing near the horizon and satisfies pure Neumann boundary condition near the boundary. The constants C 1,2 are
where the Wronskian is defined by,
which is y-independent constant. Now we can compute the Klein-Gordon particle number flux per unit time,
where the current J µ is defined by,
Im(Φ * ∇ µ Φ). The flux of mode-j is
Near boundary, F j (y → ∞) = 0. Near the horizon,
for ω = jy 0 /2 < 0.
Decay rate on the CFT side
The introduction of the star into the gravity system will lead to the perturbation of the CFT action which is expected by the Gravity/CFT correspondence. Similar to the non-extremal case discussed in the previous section, the unperturbed CFT action, S CFT , is changed to S CFT + S int CFT , where
The source J will be determined by the asymptotic behavior of the scalar field, so it could be expanded just like the scalar field,
where m = jr H ℓ ∈ Z as defined in the previous subsection, and we have used the NHEBTZ/χCFT dictionary discussed in the beginning of this section, u =
Furthermore, from the asymptotic behavior of the scalar fields, (70) and (71), the conformal weight of the operator O can be read off, h L = h R = 1.
The decay rate of vacuum-to-vacuum per unit time is
where we have used (43) and C O is a normalization constant. Using m = jr H /ℓ, T L = r H /(πℓ) and taking the limit T R → 0, the decay rate becomes,
for ω < 0.
To determine the source J j , as done in the non-extremal case, we can extend the near horizon solution to the whole spacetime region, R j (y < y 0 ) → R Then J j is the coefficient of y 0 (the boundary Dirichlet mode),
With this source, the decay rate is
for ω < 0. This decay rate is precisely matched with (77) computed in gravity side if we take C 
Final remarks
We have shown that the correspondence between the BTZ black hole and the CFT defined on the boundary ensures that the decay rates of massless scalar waves computed on both sides match precisely. Two cases are discussed. The first case is for nonextremal BTZ/non-chiral CFT correspondence. A point should be mentioned is that since the temperature is finite for non-extremal BTZ black hole, so there is a Planck factor (occupation number) appearing in the expression of the decay rate. The second case is for the near-horizon-extremal BTZ/chiral 2D-CFT correspondence. Since the temperature is zero in this case, there is no Planck factor in the expression of the decay rate. This is similar to the cases discussed in [9, 10] : the Planck factor is trivial in the extremal black hole spacetime.
As shown in [9, 10] , it is interesting to examine whether other types of excitations
give further evidences to the BTZ/CFT correspondence: gravity waves, vector waves, etc.. These questions will be explored in other places.
